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Numerical Range

Let A € M,,(C). The numerical range of A is defined to be the set W(A), where
W(A) ={<xz, Az >: 2 € C" and ||z|| = 1}
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Examples of Numerical Ranges of different Operators

Properties of Numerical Range

Let A I, eM,,(C) where I, is the identity matrix, U € U(n), a, 5, A € C.

1. WWU*AU) = W(A)

2. W(aA + BI,) = aW(A)+ 5

3. If Ais an eigenvalue of A, then A € W(A)
4. 1f Alis normal, then W(A) = co(a(A))

5. W(A) is closed

Toeplitz-Hausdorff Theorem:

For all Ac M,,(C), W(A) is convex.

Generalizations of Numerical Range

Let A, C € M, (C), c= (¢, ...,cp) € C" and 1 < k < n.
k-Numerical Range

The k-Numerical range of A is defined to be the set W(A), where

k
Wi(A) = {Z < x;, Ax; >: 2; € C" and 2s are orthonormal}
1=1

Halmos-Berger Theorem:

For all Ac Mi,,(C), W(A) is convex.

c-Numerical Range

The c-Numerical Range of A is described as the set W.(A), where

k
We(A) = {Z ci < xj, Az; >: x; € C" and s form an orthonormal basis}
1=1

Theorem:

For all Ae M,,(C) and c € R", W_(A) is convex .
Special Case: For all Ac M(C) and ¢ € C2, W.(A) is convex .

C-Numerical Range
The C-Numerical Range of A is described to be the set W(A), where

We(A) = {tr(CUAU™) : U € U(n)}.

Theorem:
For all A,CeM,,(C), such that C is hermitian, W(A) is convex.

Joint Numerical Range

Joint Numerical Range

The Joint Numerical Range of B = (Bj,..., By) € (M,(C))™ is described to be the set W(B),
where

W(B) :={(z*Byz,...,x*Bnz) : v € C" and x*z = 1}

Joint r-Numerical Range

let 1 < r < n — 1. The r-Joint Numerical Range of B = (Bjy, ..., Byy) Is described to be the set
W(B). where

T T r
W(B) = {(Z x; Bix;, ..., Zx;kBmxz) - x; € C" and Zasz:z:z =1}
1=1 1=1 1=1

Properties of Joint Numerical Range

Forall Ay, ..., Am, U € M, (C), such that U is unitary, F' = {Aqy, ..., Ay} and B = {By,..., B} is a
basis of span(F) and for all ¢ € {1,...,m}, A; = H; +iG; where H; and G; are Hermitian matrices,
then the following are true:

W(Aq,...,Am) = WU AU,..., U A, U)
WI(A1,...,Ap) = W(AL, ..., AL )

W(A1, ..., Ap) Is convex iff W(Bjy, ..., By) Is convex.

If W(Aq1, ..., Ap) is convex then so is W(CY, ..., Cs) for any family C = {C1, ..., Cs} C Span(F).
The family F is commuting iff the basis B is commuting.

W (A1, ..., Am) C C™ can be identified with W(Hy, Gy..., Hp, Gm) C RP™
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Convexity of Joint Numerical Range:

Forall Ay, Ay € Hy,, W (A1, Ag) is convex.

Forn =2, and Hy, ..., Hy € Hy, W(Hq, ..., Hy) is convex iff Span{ly, Hy, ..., Hp} # Ho
Forn >3 and Hy, ..., Hy, € H,, , if dim(Span{l,,H1,...Hmn}) <4, then W(H71,...,H,;,) is convex.
For any commuting family F' = {Aq, ..., A} C Mp(C), W(Aq, ..., Ap) is convex.

There exists commuting matrices Ay, Ay, A3 € M3(C) such that W (A, Ag, As) is not
convex. Extending this, we get that for all n > 3, there exists commuting matrices

A1, Ao, As € M, (C) such that W (Aq, Ag, A3) is not convex.

Result:

Let By, ..., B, € H,, be Hermitian Matrices. For every unit vector v = (vy,...,v) € R", let
P,={beR" :bxv < A\(n1By + ... + v By) }, where A\{(H) denotes the largest eigenvalue of
H € H, and b*xv = XI_,bjv; for b = (by,...,br) € R". Then, ConvW(By,...,B;) = ([{Py 1 v =
(v1, ..., vr) € R v xv =1} Consequently, 0P, N W(Bjy, ..., Br) = {(x*, Bix,...,x % Byx) : x €
C", z*xx =1, Byr = \(By)x} where By =X _v;B;.

Convexity of Joint r-Numerical Range

SRR

Let fr(n) be the dimension of the real linear space Hy,(FF). Then the following theorems are
equivalent.

Theorem 1:

Let1 <r <n—1.If p< fp(r +1) = dp r+1, then for any Ay, ..., Ap € Hy(F), w4y, ..., Ap) is
convex where 0; ; Is the kronecker delta.

Theorem 2: (Bohnenblust)

let1 <r <n—1 Ifp< fp(r +1) = dp r41, then forany Ay, ..., Ay € Hy(FF) such that

Qi afArmy, oy Y i af Apxy) # (0,...,0) for all z € (F™)P\{(0,0,...,0)}, then there exists
ai, ..., ap € Rsuch that 25:1 a;A; > 0.

Joint Numerical Range of three Hermitian Matrices

Let Ay, A9, A3 € H,,(C). Then W (A1, As, A3) has a convex boundary. Moreover, if n>2 then
W (A1, Ao, A3) is convex. However itis not true for n=2 since, W ( [(1) _01] : [(1) (1)] , [_OZ é]) = 52
the unit sphere which in not convex.

Uses of Joint Numerical Range

1. Used to study the properties of commutators and compressions of operators.

2. Help determining minimal Hermitian matrices, which are important in various optimization
problems.

3. Used to study the properties of the moment of a subspace.

Prospective Work

1. Investigate the properties of the Joint Numerical Range of normal matrices.
2. Explore the properties of the Joint Numerical Range of unitary matrices.

3. Examine whether the results from (1) and (2) can be unified to generalize for any tuple of
matrices using Singular Value Decomposition (SVD).
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